An old theorem of Hamack states that a symmetry of a compact Riemann surface X of genus g, (g > 2) has at most g + 1 disjoint simple closed curves of fixed points, each of which is called the ooal of X. Much more recently Natanzon proved that for v(g) being the maximum number of ovals that a surface of genus g admits, v(g) 5 42(g -1). We show in this paper that actually for g # 2, 3,5,7,9, v(g) 5 12(g -l), that this bound is sharp for infinitely many g and we calculate v(g) for the mentioned above exceptional values of g as well. 01997 Elsevier Science B.V.
Introduction
Let X be a compact Riemann surface of genus g 2 2. A symmetry of X is an antiholomorphic involution 6, i.e., an orientation-reversing automorphism of X of order 2. A surface admitting a symmetry is said to be symmetric. An old theorem of Hamack [9] states that the set F(a) of fixed points of CT is either empty or it consists of IIcIJ 5 g + 1 disjoint simple closed curves to which we shall refer as to the ovals of CT. A simple closed curve on a Riemann surface X will be said to be an oval on X if it is an oval of some symmetry of X. Let us denote by llX[l the number of ovals of x.
For every integer g 2 2, let v(g) be the maximum of IlXll, where X runs over the family of compact Riemann surfaces of genus g. It is not hard to prove that a surface X, corresponding to the equation y 2 = ~~(g+') -1 admits a symmetry with g + 1 ovals and so in particular v(g) 2 g + 1. Much more recently, Natanzon [15, 161 ' Partially written while the author was visiting Universidad Complutense de Madrid.
0022-4049/97/$17.00 @ 1997 Elsevier Science B.V. All rights reserved PZZ SOO22-4049(96)00068-O obtained, by topological methods, an upper bound v(g) < 42(g -1). We contribute in this paper to a better knowledge of this function by proving that v(g) 5 12(g -l), for g # 2, 3, 5, 7, 9 , that this bound is sharp for infinitely many g and we calculate v(g) for the above-mentioned exceptional values of g as well.
Given a pair (X, a) consisting of a Riemann surface X and a symmetry (T of X, the orbit space X/o admits a unique structure of Klein surface such that X + X/a is a morphism of Klein surfaces provided that one regards X as a Klein surface [l] (see also [17, 7, 51) . Conversely, given a Klein surface Y its canonical Riemann double cover X = Y+ admits a symmetry Q such that X/a and Y are isomorphic [l] (see also [17, 7, 51) . As a result the study of symmetries of a given Riemann surface X is equivalent to the study of Klein surfaces having X as its canonical double Riemann cover.
One of the most important problems in real algebraic geometry is the one of real moduli, i.e, real classification of real objects which in general is quite different of the real part of the corresponding complex moduli. Recent developments are due to Natanzon [12, 131, Bochnak et al. [3] , Ballico [2] , Seppllii and Silhol [19] , Silhol [20] and a particularly interesting question is the following one studied in [14, 16, 6 , 41: given a complex irreducible curve X how many nonbirationally isomorphic real algebraic curves do exist whose complexifications are birationally isomorphic to X? Let us call them real forms of X. If we assume X to be a compact Riemann surface i.e, X is projective and smooth, the real forms are in bijection with the conjugacy classes in the group of automorphisms of X of symmetries with fixed points. Moreover, the number of ovals of the symmetry associated to the real form Y is the number of connected components of a projective normalization of Y.
Preliminaries
A Klein surface is a compact topological surface equipped with a dianalytic structure [l] . A very useful role in the study of the groups of automorphisms of such surfaces play NEC groups, by which we mean discrete and cocompact subgroups of the group 9 of isometries of the hyperbolic plane %'", including those which reverse the orientation. Having such a group n the orbit space Z/A is a compact surface with a dianalytic structure due to the fact that the group 9 coincides with the extended Mobius group which consists of Mobius and anti-Mobius transformations (the later being Mobius transformations followed by the reflection along the imaginary axis z H -2). Now the subgroup %+ of 3 consisting of orientation-preserving isometries has obviously index 2 and coincides with the Mobius group. An NEC group is called a Fuchsian group if it is contained in @ and a proper NEC group otherwise. Macbeath and Wilkie [ 11, 241 associated to every NEC group n a signature that has the form (9;f;[~l,...,~,l;{(~,l,...,~,,,),...,(~kl,...,~ki,)}),
and determines the algebraic structure of the group. The numbers mi 1 2 are called the proper periods, the brackets (nil,. . . , ns) the period cycles, the numbers nij 2 2 the link periods and g 2 0 is said to be the orbit genus of A.
A Fuchsian group can be regarded as an NEC group with signature (9;+;[m1,...,mrl;{-}).
If ,4 is a proper NEC group with signature (1) then by [23] , its canonical Fuchsian subgroup A + = A n 2?+ has signature (ag+k-l;+;[m~,m~,...,m,,m,,nl~,...,n~,,,...,nk~,...,nkr,l;I-_) (3) where o! = 2 if the sign is + and a = 1 otherwise.
The group with signature (1) has a presentation with the following generators and relations.
'Generators: 
(4)
Any system of generators of an NEC group A satisfying the above relations will be called a canonical system of its generators. The only orientation reversing canonical generators of LI are all cij that represent reflections and all di that represent glide reflections. We will say that a reflection cij corresponds to the link periods nij and nij+i.
Every NEC group has associated a fundamental region, whose hyperbolic area depends only on the signature of the group and for a group with signature (1) is given by
where a is defined as in (3).
It is known that an abstract group r with the presentation (4) can be realized as an NEC group with signature (1) if and only if the right-hand side of (5) [18] . Furthermore, if X has topological genus g and k boundary components, then r can be chosen to be a surface NEC group, i.e., an NEC group with signature (9; f; L-1; {C-h A-1)).
Surface NEC groups are characterized among all NEC groups by the fact that the reflections are their only elements of finite order. Fuchsian surfaces groups can be seen as NEC groups with signatures (g; +; [-I; { -})_ Such groups are characterized among all NEC groups by the fact that they contain only orientation-preserving elements of infinite order. Conversely, given an NEC surface group r with signature (7), the orbit space X = X/r is a surface of topological genus g having k boundary components admitting a unique structure of Klein surface, so that the canonical projection 2 --f X is a morphism of Klein surfaces [l] . Furthermore, its canonical Riemann double cover X+ is x/r+, where Tf is the canonical Fuchsian subgroup of r. Now given a Riemann (respectively Klein) surface X represented as the orbit space &'/r for some Fuchsian (respectively NEC) surface group r, a finite group G is a group of automorphisms of X if and only if G !Z A/r for some NEC group . 4 . In such a case we say that G is a smooth Fuchsian (resp. NEC ) factor group of A.
General formulas
Given a symmetry o of a Riemann surface X represented as X/r for a surface Fuchsian group r, we shall find in this section general formulas for l]all and IIX]], which involve only Aut*(X) = A/I'. We shall use these formulas in the next section to find the bound for the function v introduced in Section 1. The following notations remain fixed throughout the rest of the paper.
Let Aut+(X) be the group of the orientation-preserving automorphisms of X. Then Aut+(X) = A/T for some Fuchsian group A which is the normalizer of r in gi. Now X is symmetric if and only if there exists a proper NEC group A containing A as a subgroup of index 2 and Z as a normal subgroup. In such a case G = A/Z' = Aut*(X).
Denote G+ = Aut+(X). Now a symmetry of X is an arbitrary element rs E G \ Gf of order 2. Denote by (g) the group generated by a and represent it as r,/r for some NEC subgroup Z, of A. Then X/a " x/r, and so ]]a]( is the number of period cycles of the signature of r,. The last, however, is rather difficult to find, as in general Z,, is not a normal subgroup of A.
Observe that A acts as a group of permutations on the set of cosets A/r. in the same way as G does on G/(a) ( via the correspondence established by the canonical projection 6 : A -+ G). On the other hand, Hoare [lo] developed recently an algorithm to find in such a situation the proper periods and the period cycles of r,. Unfortunately, its computational complexity restricts essentially the area of theoretical and effective calculations for large indices even using modem, sophisticated, computational techniques, Below we present a direct method for finding the number of empty period cycles of r,.
In order to state our results we need further notations. Given a canonical system of generators for an NEC group A, let {ci : i E I} be the subset of its reflections to which we shall refer as to canonical reJlections. We introduce two equivalence relations on Now in order to complete the proof it suffices to observe that given distinct j, j' E Z(i), the reflections in r, produced in the above way by reflections cj and cj' of A are nonconjugate in r, as cj and cj' are nonconjugate in A. q Proof. Each oval of X corresponds to a reflection of LI and so to cJ!' for some j E I.
Observe that if j N j' then for arbitrary w E A, cy = cy for some v E /1. Thus, we have to count down the ovals of the form CT, where j runs over the set I_ of representatives of II,. Though the above theorems have fairly technical character they are very useful in concrete applications. A prototype of Theorem 3.1 applied to the case of the triangle NEC group (0; +; i-1; {C&3,7)}) was used in [4] to study topological types of symmetries of Riemann surfaces on which PSL(2,q) acts as a Hurwitz group of automorphisms and in [8], we used Theorem 3.1 to study a problem concerning types of symmetries of Riemann surfaces with large groups of automorphisms.
In the next section we shall deal with the applications of Theorem 3.2.
From the above results we see that all we need to find an estimate for &Y]] is to know Aut*(X) = A/r and the centralizers of the reflections in /1. Singerman [23] proved that the centralizer of a reflection c of an NEC group is infinite and claimed that it is isomorphic to Zz $ Z if c corresponds to an empty period cycle or to a period cycle in which all periods are odd and to 22@(22 *Z2) otherwise. Going a bit more into the details of the Singerman's proof (cf. [21] ), one can find explicitly the generators for these groups. We shall need them in the next section for NEC groups with special signatures in order to find a more precise, as used in Corollary 3.3, estimation for lO(C(n, ci))l. However, in most cases the following lemma will be sufficient. Proof. Let ci_l be another canonical reflection of n such that ei_ici has even order n.
Then it is easy to check that both ci and (ci-ici )n'2 are in C(/l, ci). Moreover, 0(s) # 1 and 0(ci_ici)n'2 # 1 since otherwise r would have an element of finite order.
Furthermore, 0(s) # 8(ci_ici) n/2 since in the other case ci(ci_ici)n'* would be an Proof. The first part follows from the fact that two canonical reflections corresponding to an odd link period are conjugate. So I, can be so chosen that for i E I,, ci corresponds to an even link period and so l&C(/i,ci))l 2 4 by the previous lemma.
Thus, the result follows by Theorem 3.2. 0
Applications
In this section we shall use Theorem 3. 
Assume now that s > 4. Then for r > 0, p(A) 2 TC(S -
)/2. Thus, IG( 5 8(g-l)/ (s -2) and therefore IlXll < slGl/2 I 4s(g -l)/(s -2) < 8(g -1). Hence, we can assume r = 0, i.e., that LI has signature which we shall abbreviate (n ,, . . . , n,).
If all ni are odd, then p(n) 2 2rc/3. Consequently, (GI < 6(g -1) and IlXll 2 3(g -1). Thus, assume that some ni are even and observe that as p(n) > rc(s -4)/2,
IGI I S(g -l)/(s -4) and therefore for s > 5 [[XII i (2s/(s -4))(g -1) < lO(g -1)
by Corollary 3.6.
So let s = 4 and let CO, ci,c2, c3 be the set of canonical reflections for A. If at least two of the link periods are odd, then p(n) 2 rc/3. Therefore, (GI 5 12(g -1) and thus /IX 11 I 6(g -1) by Corollary 3.3. So we can assume that at least three of the link periods, say nr, n2, n3, are even. Now if n4 is odd and ni > 4 for some i 5 3 then p(n) > 57c/12. So IGI 5 (48/5)(g -1) and therefore IlXl] < 3lGl/4 < 8(g -1).
If n4 is even and at least two of the link periods are 2 4, ~(/1) 2 7c/2 and thus llX]l 5 4]G]/4 I S(g -1) by Corollary 3.6. So, for s = 4 it remains to consider the case of /1 with signature (2,2,2,n).
Clearly, n > 3 and IGI = (8n/(n -2))(g -1) as p(/i) = n(n -2)/(2n). Now 
where * denotes the operation of the free product.
We shall see below that the group G of all automorphisms of a Riemann surface which has more than 12(g -1) ovals is a factor group of some group G with a certain specific presentation which makes it finite. In virtue of the Hurwitz Riemann formula, the order of G gives restrictions on the genera of the corresponding Riemann surfaces. In most cases the calculation of the order was rather an easy matter. In one particular case however, the use of computer was necessary. We acknowledge that all the results obtained have been checked by the GAP Programm (Groups, Algorithms Then lg(C(n,cs))l 2 8. Indeed, if this is not the case, then by (12), g(coci) = e(C2Co)3e(C,C2)2e(CoC2)3 = e(coc2)3e(c1 )e(coc2)e(c, )e(coc2)3. Therefore, e(cIc2) and g(coc2) are conjugate which is impossible as they have distinct orders. So llX/l I:
. Finally, assume m = 5. Then similarly as above we can show that lg(C(n,cs))l 2 8. We already know that lg(C(n,ci))( L 8 and we shall show that (g (C(n,cl) which can be shown to have order 1008. Now by a theorem of Singerman [22] , cocl and clc2 generate a subgroup of g order 504 which is isomorphic to PSL(2,S) as a Hurwitz group. So in particular G = 5. This proves that there exists a Riemann surface of genus g = 7 with 21(g -1) = 126 ovals.
Now if l@C(n,co))l > 8 then l&C(/i,co))l > 12 and so we have llXl/ I /Gl/12 = (2m/(m -6))(g -1) 5 14(g -1). However, the last bound is attained if and only if ~((c~c~)(c~c~)3(c~c~)(c~c~)(c~c~)(c~c~)3) has order 3 and therefore if and only if G is a factor group of the group G with presentation which can be shown to have order 336. As before we argue that G = G and therefore X has genus 3.
Finally if l0(C(n,co))l>l2, then l0(C(n,co))l 2 16 and so we have llXll<lGl/16 < ll(g -1). 0
In terms of the function v we can state (17) and xy represents there an element of order 12. Thus, G is a smooth Fuchsian factor group A/T of a Fuchsian group A with signature [2, 3, 12] and so G acts as a group of automorphisms on a Riemann surface X = X/r which by the Hurwitz Riemann formula has the genus g = (k2/2) + 1. Clearly the map x w x-l, y H y-i induces an automorphism of G. So by a theorem of Singerman [22, Theorem 21 , X is symmetric and therefore r is a normal subgroup of an NEC-group A with the signature (2, 3, 7) as the last is the only one extending A. Let be the presentation of A and let a, b and c be the images of CO, cl and c2 respectively under the canonical projection from A onto G = A/r. Observe that xi = coci,x2 = crc2 are the canonical generators of A and so we can assume that x = ab and y = bc.
Finally, (ab)(ac)6 and (ab)(bc)(ac) 6(cb) are elements having order 2 as both of them are conjugate to (xY)~x. Therfore by (12) , ]e(C(A,ci))l = 8 for i = 0,l and so by Theorem 3.2, X has 12(g -1) ovals. This completes the proof. 0
However, it is worth to notice that G has the presentation
(a, b,cfa2, b2, c2, (ab)2, (bc)3, (ac)12, (acb)2k, ((ac)6b)2). (18)
Indeed x = ab and y = bc generate in (18) a normal subgroup of index 2 having the presentation ( 17) .
